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Formation of stationary spatially multiperiodic or e®en chaotic patterns is analyzed
for a simple model of a cross-flow reactor with two consecuti®e reactions and realisti-
cally high Le and Pe. Spatial patterns emerge much like dynamic temporal patterns in a
mixed system of the same kinetics. The sequence of period doubling bifurcations is
determined for the corresponding ODE system and is completely confirmed by direct
numerical simulations of the full PDE model. The incorporation of a slow nondiffusing
inhibitor led to chaotic spatiotemporal patterns.

Introduction
In this work we construct stationary spatially complex pat-

terns in cross-flow reactors. The idea conveyed here is at the
crossroads of two concepts: patterns in cross-flow reactors and
chaotic solutions. Cross-flow reactors, in which most of the
feed is distributed along the reactor, can attain, under cer-
tain assumptions and far from the inlet, a homogeneous
Ž .space-independent solution. This can be advantageous in an
operation in which we want to maintain a reactor at a fixed
temperature and concentration due to selectivity considera-
tions or due to self-inhibitory kinetics. The unique aspect
of such a reactor, with a single exothermic reaction, is that
it can attain a stationary spatially periodic solution
Ž .Nekhamkina et al., 2000b, 2001 . Such a reactor model will

Ž .typically be under the assumptions outlined later of the form

LeT yT rPeqT s f T , C , C qC s g T , C 1Ž . Ž . Ž .t z z z t z

Noticing that T s f , C s g is the system describing the dy-t t
Žnamics of a homogeneous CSTR that is, with no solid heat

.capacity of similar kinetics, we explained in earlier works
how the temporal behavior in a CSTR is translated into a
spatial behavior in a cross-flow reactor of high Pe and high

ŽLe numbers which are typically the characteristics of com-
.mercial reactors and subject to Danckwerts boundary condi-

tions at the reactor inlet. This mechanism is a novel approach
for establishing stationary spatially periodic patterns and is

Ž .different from the Turing mechanism Turing, 1952 which
Žapplies to a two-variable system when the inhibitor C, in our

Correspondence concerning this article should be addressed to M. Sheintuch.

. Ž .case diffuses sufficiently faster than the activator T and
which is widely employed in reaction�diffusion systems
Ž .Murray, 1993; De Wit, 1999 .

Formation of stationary spatially periodic patterns in con-
vective�reaction�diffusion systems due to this novel mecha-

Žnism does not depend on the ratio of diffusivities actually
.the inhibitor may be nondiffusing . This mechanism can be

viewed as the amplification effect of the stationary perturba-
tions, which are introduced into the system by the boundary

Ž .conditions BC . The structure of regular patterns, however,
does not depend on the BC, which affect solutions in the
entrance zone only. Other studies of convection �
reaction�diffusion systems predicted stationary solutions us-

Žing the Brusselator model Kuznetsov et al., 1997; Andresen´
. Žet al., 1999 , the Gray�Scott kinetics Satnoianu and Men-

.zinger, 2000; Satnoianu et al., 2001 , the CDIMA reaction
Ž .and the Oregonator model Bamforth et al., 2000, 2001 .

In our previous works we studied a cross-flow reactor with
Ža single first-order Arrhenius kinetics Nekhamkina et al.,

.2000a,b, 2001 . In this article we extend the analogy to sys-
tems of two reactions, showing that with two consecutive re-
actions and using parameters that admit temporally chaotic
solutions in a CSTR, we can find stationary spatially complex
solutions in a cross-flow reactor. Moreover, the bifurcation
scenario leading to temporal chaos is also the scenario lead-
ing to spatial complexity. For the example studied here, the
corresponding CSTR system exhibits a sequence of period-

Ž .doubling bifurcations with a varying parameter say p at ps
p , p , . . . , p . Then, for the spatially distributed system with1 2 n
ps p and other fixed parameters we can expect to find an

May 2003 Vol. 49, No. 5AIChE Journal 1241



spatially 2 n-periodic solution in the limiting case, Pe™�.
With increasing Pe, the bifurcation from a homogeneous to
periodic solutions is always via a period-one solution at some
critical PesPe , which can be determined from linear analy-0

Ž .sis see, for example, Nekhamkina et al., 2000 . For finite
Pe� Pe , we expect to find, as we increase Pe to �, a se-0
quence of bifurcations leading to formation of the 2n spa-
tially periodic solution. Note, that this scenario is not evident
a priori, because the stationary patterns in the distributed sys-
tem do not necessarily have to be sustained.

Since chaos requires an infinitely long time or space, we
cannot claim that we achieve spatial chaos, but we can get as
close as necessary with a sufficiently long reactor. Temporal
chaos has been a subject of extensive investigation of CSTR

Žmodels with two consecutive reactions Lynch et al., 1982;
Lynch, 1992; Jorgensen and Aris, 1983; Jorgensen et al., 1984;
Doedel and Heinemann, 1983; Chembukar et al., 1987;

.Abashar and Elnashaie, 1997, among others . Once we un-
derstand the translation mechanism of the temporally peri-
odic solutions into spatially periodic states in cross-flow reac-
tors, we can argue that a similar outcome is expected in other
situations that admit temporal chaos, such as two parallel re-

Ž .actions see Chan et al., 1987 , reactions with complex kinet-
ics, or a periodically forced oscillator; the latter should be

Žtranslated to a system with spatially periodic properties such
.as the heat-transfer coefficient in the cross-flow reactor.

Other phenomena that are expected in a system with two
Žreactions, such as tristability three stable solutions out of a

.possible five of homogeneous solutions, and the possibility
of producing moving fronts that separate various combina-
tions of states, are not discussed here.

Note that a thermokinetic model like Eq. 1 cannot predict
Žtemporal oscillations in a catalytic mixed reactor LeT s f ,t

.C s g , due to its high heat capacity, and cannot serve as at
model for catalytic oscillators. Catalytic oscillators usually in-
corporate a slow localized inhibitor that can induce moving
or oscillatory patterns. We also consider the incorporation of
such a step to find out whether the complex stationary solu-
tions will undergo a bifurcation to oscillatory patterns that

Ž .may be chaotic in time and in space that is, turbulent .
The results presented here should be also mapped within

the wide domain of instabilities in packed-bed systems. Sus-
tained stationary fronts or spatiotemporal patterns in regular

Ž .packed beds that is, as opposed to crossflow can result from
the interaction of heat and mass balances, which typically

Žproduce moving fronts for positive-order kinetics Frank-
Kamenetsky, 1955; Zeldovich and Barenblatt, 1959; Puszyn-
ski et al., 1981; also, see the review by Merzhanov and Ru-

. Žmanov, 1999 , patterns with oscillatory kinetics see the re-
view by Sheintuch and Shvartsman, 1996; Sheintuch and

. ŽNekhamkina, 1999a,b , or with feedback loops Hua et al.,
.1994; Berezowski et al., 2000 . These mechanisms do not pre-

dict stationary spatial patterns.
Extensive studies into patterns in convection�diffusion�re-

action systems, of the type that can exhibit homogeneous so-
lutions due to cross-flow feeding or due to consecutive reac-
tions, demonstrated that patterns may emerge with two reac-
tants that flow at different convective rates because of the

Ž .differential flow-induced chemical-instability DIFICI mech-
Ž .anism Rovinsky and Menzinger, 1992; Yakhnin et al., 1994 .

Physically, flow differentiation cannot apply to simple fixed

beds, but can apply to the motion of ions due to a potential
field. The equations describing such a system can be con-
verted to a form similar to ours, as we will discuss elsewhere.
Yet, the DIFICI mechanism was shown to account for spa-
tiotemporal patterns, while we demonstrate the existence of
stationary patterns.

We should emphasize again that we are not aware of any
demonstration of stationary spatially complex patterns in any
convection�diffusion�reaction system.

The structure of this work is as follows: in the next section
the mathematical model is formulated, linear analysis and bi-
furcation diagrams are presented in the third section, and in
the fourth one numerical simulations with analytical predic-
tions are compared.

Mathematical Model
Ž .We employ a homogeneous one-dimensional 1-D model

of a catalytic cross-flow reactor, in which two consecutive re-
actions, A™B™C, take place. Interphase gradients of tem-
perature and concentrations between the fluid and solid
phases are assumed to be negligible. The mass and energy
balances account for accumulation, convection, axial disper-

Ž .sion, chemical reactions r C , C , T , � , heat loss due toi A B
wŽ Ž .xcooling S s h P T yT and mass supply through aT T w

Ž Ž . Žmembrane wall S s k P C yC , S s k P C yC g A Aw C g BA B
.C ; the source terms are assumed to follow simple gradientBw

law, where C and C are assumed to be constants andAw Bw
the mass supply is assumed not to significantly affect the mo-

.lar flow in the reactor

� C � C � 2CA A Aqu y�Df A 2� t � z � z

sy 1y� r C , T , � qSŽ . Ž .1 A CA

� C � C � 2CB B Bqu y�D s 1y� r C , T �Ž . Ž .fB 1 A2� t � z � z

y 1y� r C , T , � qSŽ . Ž .2 B CB

� T � T � 2T
�c q �c u yk s 1y� y� H rŽ . Ž . Ž .Ž .p p e 1 1f 2e � t � z � z

� C , T , � q y� H r C , T , � qS 2Ž .Ž . Ž . Ž ..A 2 2 B T

We use conventional notation: u is the molar velocity, so that
Ž .the change is negligible for dilute reactants; C is A, B isi

the reactant mole fraction; � is the bed void fraction; the
subscripts f and e denote the fluid phase, and an efficient

Žvalue a weighted average value of the corresponding fluid
.and solid phase properties , respectively. The Danckwerts

boundary conditions are typically imposed on the system

� CA
zs0: �D su C yCŽ .f A A A , in� z

� C � TB
�D u C yC , k s �c u TyTŽ .Ž . Ž .fB B B , in e p inf� z � z

� T � C � CA B
zsL: s s s0 3Ž .

� z � z � z
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We assume that the dispersion of mass is negligible. For a
first-order activated kinetics with a rate that is proportional

Ž . Ž .to the catalytic activity � , that is, r C , T , � si i
Ž . Ž .A �C exp yErRT , the system Eqs. 2 and 3 can bei i i

rewritten in the dimensionless form as

� x � x1 1q sy r x , y , � y	 x y x s f x , y , �Ž .Ž . Ž .1 1 C 1 1,w 1�
 ��

� x � x2 2q s r x , y , � q r x , y , � y	 x y xŽ .Ž . Ž .1 1 2 2 C 2 2,w�
 ��

s g x , x , y , �Ž .1 2

� y � y 1 � 2 y
Le q y sB r x , y , � q� r x , y , �Ž . Ž .Ž .1 1 2 22�
 �� Pe ��

y	 ysh x , x , y , � ; 4Ž .Ž .T 1 2

1 � y
� s0, x s x , x s x , s y ;1 1,in 2 2, i n Pe ��

� y
˜� sL, s0 5Ž .

��

Here conventional notation is used

C C TyT zA B w
x s , x s , ys
 , � s1 2C C T zA ,w A ,w w 0

tu

 s ,

z0


 y
r x , y , � syDa � x expŽ .1 1 1 1 ž /
 q y

�
 y
r x , y , � sDa �� x expŽ .2 2 1 2 ž /
 q y

E y� H CŽ .1 1 A ,w

 s , Bs


RT �c TŽ .w p wf

A 1y� zŽ .1 0 y
Da s e1 u

� H E1 2
� s A rA exp E yE rRT , � s , �sŽ .2 1 1 2 w � H E2 1

�c z uŽ .�c k PzŽ . p 0p f g 0eLes , Pes , 	 sC�c k uŽ .p ef

h PzT 0
	 s 6Ž .T �c uŽ .p f

Ž .Note that we use an arbitrary value for the length scale z ,0
˜so that the reactor length LsLrz can be varied as a free0

parameter. The conventional definition of Peclet corresponds
˜to ours as PeL.

As stated earlier we initially set the activity to be constant
Ž .�s1 . We consider the effect of varying � later. While there
is no general agreement on the source and rates of activa-
tionrdeactivation, here we adopt a simple linear expression
Ž .see Barto and Sheintuch, 1994 that assumes that deactiva-
tion occurs faster at higher temperatures and at higher activi-

ties and that its rate is independent of reactant concentra-
tion. Thus, the dimensionless form of the catalytic activity
variation is

d�
K sa yb �y ysq y , � 7Ž . Ž .� � �d


and typically K �1. Recall that the time scale of autocat-�

alytic thermal changes is Le, and changes of activity of a sim-
ilar magnitude to Le or larger will be significant when K .�

ŽThe solutions of the righthand side of the system Eqs. 4
. Ž . Ž .and 7 , that is, f x , x , y , � s g x , x , y , � s1, s 2, s s s 1, s 2, s s s

Ž . Ž .h x , x , y , � sq y , � s0, are the asymptotic homo-1, s 2, s s s s s
geneous solutions of the distributed problem. For regular ki-

Ž .netics �s1 , up to five solutions can exist within a certain
Ž .set of parameters Jorgensen et al., 1984 ; for the case of

varying catalytic activity, the problem of multiplicity of the
steady-state solutions is beyond the scope of this study.

Bifurcation Analysis
Constant acti©ity case: �s1

ŽTo understand the patterns admitted by the system Eqs.
.4 it is pertinent to recall the analogy between the stationary

solutions of the cross-flow reactor, and the temporal behavior
Žof the CSTR lumped system see our previous works,
.Nekhamkina et al., 2000a,b, 2001 .

We, therefore, analyze several simplified and related sys-
tems:

1. If we ignore the heat-dispersion term, then the steady-
state model of the distributed system

dx1 s f x , y , 1 s f x , yŽ .Ž .1 1 1d�

dx2 s g x , x , y , 1 s g x , x , yŽ .Ž .1 2 1 1 2d�

dy
sh x , x , y , 1 sh x , x , y 8Ž . Ž .Ž .1 2 1 1 2d�

is exactly the model describing the temporal dynamics of a
Žhomogeneous CSTR with two consecutive reactions with �

.replaced by time . This problem has been investigated exten-
sively for the case of the constant catalytic activity in order to
map the various bifurcation diagrams and phase planes in the

Žparameter space Jorgensen et al., 1984; Chemburkar et al.,
.1987; Abashar et al., 1997; among others .

2. Incorporating the dispersion term now, while still main-
taining the steady state, the system is described by

dx dx dy1 2s f x , y ; s g x , x , y ; s p;Ž . Ž .1 1 1 1 2d� d� d�

dp
sPe pyh x , x , y 9w xŽ . Ž .1 1 2d�

The solutions of this system are identical to that of Eq. 8 in
Ž .the limiting case, Pe™�, but for finite Pe the system Eq. 9

may possess additional solutions. The critical Pe that marks0
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Žthe bifurcation to a spatially periodic solution corresponds
.to a Hopf bifurcation can be determined from linear stability

analysis.
3. We can conduct a linear stability analysis of the full sys-
Ž .tem Eq. 4 in an infinitely long region, which is not affected

by the boundaries. Denoting a small deviation from the basic
� 4 � 4steady-state solution u s x , x , y as u s x , x , y ,0 1s 2 s s 1 1 2 1

we arrive at the following linearized system for the perturba-
tions

� u � u � 2u1 1 1
A y yD s Ju 10Ž .12�
 �� ��

� 4 � Ž .y14where Asdiag 0, 0, Le and Dsdiag 0, 0, Pe are the
� 4capacity and diffusivity matrices, and J, with elements j ,mn

Ž .is the Jacobian matrix of the linearized system Eq. 4 evalu-
Ž .ated at the steady state with �s1 . We seek a solution of

Eq. 10 in the form of the normal modes

u sU eik�q�
 11Ž .1 0

where U is a constant vector, k is the perturbation wave0
number, and � is the time growth rate. Substituting Eq. 11
into Eq. 10, we obtain the dispersion relation

DD � , k sLe� 3qD k � 2qD k � qD k s0 12Ž . Ž . Ž . Ž . Ž .2 1 0

Ž .where the coefficients D k arei

k2
2 2D k sk Trq M yk y�Ž . Ž .0 12Pe

2k
2q ik S yk y j q jŽ .M 11 22Pe

D k sM qM y2k2qLe j j q j j yk2Ž . Ž .1 13 23 11 22 12 21

2 2k k
y j q j y ik j q j Leq1 q2 j yŽ .Ž . Ž .11 22 11 22 33Pe Pe

k2

D k s y j yLe j q j q ik 1q2 Le 13Ž . Ž . Ž .Ž .2 33 11 22Pe

Here

w x w xTrsTr J , �sdet J ,

M s j j y j j , m , ns1, 2, 3;mn mm nn mn nm

S sM qM qMM 12 13 23

The bifurcation condition Re � s0 defines the neutral curve,
which can be calculated numerically for a chosen set of pa-
rameters. We use Pe as the bifurcation parameter, since we
intend to employ the similarity between the stationary pat-
terns emerging at Pe™� for Eq. 4 and the dynamic behavior
of the corresponding CSTR problem. The neutral curve typi-

Ž .cally acquires a minimum k , Pe ; see Figure 1 , and cross-c c

Figure 1. Typical neutral curve defined by Re� = 0
( )solid line for the constant activity case, Im�

( )=0 dashed line .
The dot denotes the critical point Pe ,k defined by Eq. 14.0 0
Other parameters: Da s 0.26, Da s 0.13, B s 57.77, B s1 2 1 2

Ž .y24.61, as in Chemburkar et al. 1987 , 	 s 8.94.T

ing Pe , excites, in an unbounded system, a wave packet withc
finite k moving at a constant speed.

4. Let us consider now the bounded system governed by
ŽEq. 4 and subject to the stationary boundary conditions Eq.

. Ž5 . As was demonstrated previously Nekhamkina et al.,
.2000a , the moving patterns predicted to exist in an infinite

region are arrested by the boundaries, and above some
threshold are transformed into stationary patterns. These gen-
erally do not correspond to the minimum of the neutral curve,
and for such patterns to emerge, we have to impose a condi-

Ž .tion of zero phase velocity or zero frequency �s Im� s0
in addition to the relation Re� s0. This second condition

Ž .also defines a curve in the plane Pe, k that may be calcu-
Ž .lated numerically see Figure 1 . At the intersection of these

conditions we can determine the critical point�a threshold
value for amplification of stationary perturbations. The criti-
cal parameters can be derived from the bifurcation condition
Ž . Ž .Eq. 12 , which, for � s0, is reduced to the relation D k s0
0. Separating the real and imaginary parts of D , we obtain0
the following equations for the critical Pe and k0 0

k2 S yk2 k2
0 M 0 02 2s ; k yM yk Trq�s0 14Ž .Ž .0 12 0Pe j q j Pe0 11 22 0

Note that Pe and k defined by Eq. 14 correspond to the0 0
Ž .Hopf bifurcation point of the ODE system Eq. 9 , but k is0

now the spatial wave number. We do not attempt to plot the
domain of parameters where oscillatory solutions exist.

Before starting the next step of the analysis, recall that we
want to inquire whether the stationary spatially multiperiodic
or even chaotic patterns can be sustained in the system. In

Žorder to simplify the analysis the search of the parameter
.space , we employed the well-known results obtained for the

lumped CSTR model. As was mentioned earlier, each type of
periodic or even chaotic temporal behavior in the CSTR
model can be formally considered to be a limit of the corre-
sponding stationary solutions of the distributed system for Pe
™�. We can reasonably assume that this multiperiodic solu-
tion can, in turn, be obtained as a sequence of bifurcations
with increasing Pe, from Pe to �. We search for a set of0
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parameters that admits multiperiodic or chaotic solutions in
a relatively wide range of the bifurcation parameter, and pos-

Ž . Žsesses critical parameters Pe and spatial wave length T s0 1
.2�rk that allows observations of these motions in a dis-0

tributed system with a physically reasonable reactor length
Ž . Ž . Ž .L and Peclet Pe values see discussion below . In the first

Žstudy of chaos due to two consecutive reactions Jorgensen
.and Aris, 1983 , the domain of the multiperiodic and chaotic

Žsolutions is extremely small transition from the period-two
solution to chaos occurs by increasing a heat transfer coeffi-
cient from 7.28295 to 7.28667, while the periods of oscilla-

Ž ..tions are sufficiently large T �1.73 . In another work, for1
Ž .example, by Abashar and Elnashaie 1997 , for a similar

lumped model the period adding bifurcations was obtained in
Ža relatively large range of the gain coefficient K an analog

.of the heat-transfer coefficient ; however, the period of oscil-
Ž .lations is extremely large T �40 .1

For our study we chose the set of parameters employed in
Ž .a CSTR by Chemburkar et al. 1987 for exothermic�endo-

thermic consecutive reactions. According to the bifurcation
diagram obtained in this work using the heat transfer coeffi-

Ž .cient � notation used by Chemburkar et al., 1987 as the
bifurcation parameter, the steady-state solution of the CSTR
model loses stability via a Hopf bifurcation at �s6.9408 with
T s0.371. The following increase in � led to a sequence of1
period-doubling bifurcations that converges to chaotic solu-

Žtions that exist at 7.965�� �8.04125. To be consistent with
.that study, we set 	 s�q1, x s1, x s0, y s0.T 1,w 2,w w

We constructed the bifurcation diagrams of the ODE sys-
Ž .tem Eq. 9 using Pe as a bifurcation parameter for the set of

Ž . Žthe parameters used by Chemburkar et al. 1987 
 ™�, B,
.Da , � , � ; see values in the caption for Figure 1 and two1

different values of the heat-transfer coefficient: 	 s8.94,T
Ž .which corresponds to a period-four P solution, and 	 s4 T

9.0, and which corresponds to the chaotic behavior in the
corresponding CSTR. As expected, the homogeneous solu-

Ž .tions become unstable at Pes Pe Eq. 14 . A further in-0
crease in Pe led to sequences of period-doubling bifurcations
that yield the formation, in the limit Pe™�, of the spatially
oscillatory solutions of the same type as the corresponding

wCSTR problem Figure 2 presents the bifurcation diagrams,
Ž .xcalculated with the code AUTO Doedel, 1981 .

The ©arying catalytic acti©ity case
Let us now allow for reversible changes in catalytic activity.

Ž .In the limit of large Peclet numbers Pe™� , the steady-state
Ž .solutions of the full system Eqs. 4 and 7 , are equivalent to

the temporal solutions of the corresponding CSTR model with
the modified kinetics

dx dx1 2s f x , x , y , � , s g x , x , y , �Ž . Ž .1 2 1 2d
 d


dy
sh x , x , y , � 15Ž .Ž .1 2d


and

a y y�
�s 16Ž .

b�

Figure 2. Bifurcation diagrams of Eq. 8 showing
period-doubling transitions.
Ž .a Constant activity case, system convergences to a period-

Ž .four solution; b varying activity case, a s100, system con-�
Žvergences to a period-two solution. 	 s 8.94 other param-T

.eters as in Figure 1 .

To simplify the following analysis, we used a as a free pa-�

rameter and defined b sa y y , in order to ensure � s1,� � s s
that is, the steady-state solution of the three-variable system
Ž .x , x , y is also the solution of the full system with � s1.1s 2 s s s
Note that �™1 with a ™�.�

Ž .The neutral curves defined by Re� s0 for relatively large
Ž .a �100 preserved the same form as for the constant activ-�

ity case and practically do not depend on the time scale, K .�

For small a the neutral curves changes drastically with in-�

Ž .creasing K see Figure 3 . Note that the curves presented in�

Ž .Figure 3 are the projections of the 3-D curve DD Pe, k, Im�
Ž .s0 on the plane Pe, k , and the loop observed in the Figure

3 corresponds to varying Im� .
The critical parameters k , Pe for the varying activity case0 0

can be determined by Eqs. 14 as well, using the gain differen-
Ž Ž .. Ž Ž ..tiating rule for functions f x , x , y, � y , g x , x , y, � y1 2 1 2

Ž Ž .. Ž .and h x , x , y, � y , with � y defined by Eq. 16. Typical1 2

Figure 3. Varying activity case: effect of K on neutral�

curves.
K s100� solid line, 10,000� dashed line; 	 s 9, a s10,� T �
other parameters as in Figure 1.
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Figure 4. Varying activity case: effect of the coefficient
a on the critical parameters k and Pe .� 0 0
� s 8.94; other parameters as in Figure 1.T

dependencies of Pe , k on a are plotted in Figure 4. Obvi-0 0 �

ously � ™1 as a ™�, and the critical parameters tend tos �

the asymptotic values corresponding to the three-variable sys-
tem with fixed activity.

The amplitude bifurcation diagrams for very large a pre-�

serve the same form as for the constant activity case. With
decreasing a the number of period doubling points for Pe��

Pe decreases. Thus, for � s8.94 the asymptotic behavior0 T
Ž . Ž . ŽPe™� is a period-four P solution with a s1,000 as in4 �

. Ž .the case �s1 , P solution with a s100 see Figure 2b ,2 �

while with a s10 the single-loop oscillations are stable in�

the whole range Pe � Pe��. A similar tendency with de-0
creasing a was found for � s9.0, while for a s1,000, we� T �

still find chaotic behavior; with a s100, the sequence of bi-�

furcations converges to a P , solution, and with a s10, a4 �

Žperiod-one solution is stable for Pe� Pe Nekhamkina and0
.Sheintuch, 2002 .

Note that the stationary solutions predicted earlier for both
regular and oscillatory kinetics need not necessarily be sta-
ble. A cross-flow reactor with a single chemical reaction ex-
hibits a wide variety of spatiotemporal patterns, including

Žstanding and moving aperiodic waves Nekhamkina et al.,
.2000b, 2001 . Thus, numerical simulations are necessary to

Žfind the real solutions of the full distributed system Eqs. 4,
.5, 7 .

Numerical Simulations
In this section we verify the analytical results presented in

the previous chapter by direct numerical simulations of the
Ž .distributed system Eqs. 4 and 5 . We verify the existence of

stationary solutions and their bifurcations with increasing Pe,
but we do not try to obtain the critical Pe values by numeri-
cal experiments, as it is a rather cumbersome problem.

ŽAs was shown in the previous studies Andresen et al., 1999;´
.Nekhamkina et al., 2000a , the boundary conditions applied

at the inlet do not affect the regular periodic structure of

stationary patterns sufficiently far from the reactor inlet, but
rather define the length of the transition region. In order to
diminish the inlet effect in simulations, we replaced the phys-
ically reasonable Danckwerts boundary condition with a sim-
plified condition, ys y , and adjusted x , y to shortenin i ,in in
the transition region. In all simulations we choose Les100

˜and set the reactor length Ls10.

Constant catalytic acti©ity case
The expected stationary solutions were obtained in the

whole range of Pe and � being considered. A typical se-T
quence of period-doubling transitions of stationary spatially
periodic solutions, for increasing Pe values, is shown in Fig-

Ž .ure 5. Below the critical Pe Eq. 14 , the homogeneous solu-0
tion is established practically in the whole reactor, with some

Ž .adjustment in the inlet section Figure 5a . Just above Pe ,0
the system exhibits the stationary spatially periodic patterns.
The regular single-loop structure is clearly seen in the ‘‘spa-

Ž . Ž . Ž Ž .tial’’ phase planes x � vs. x � Figure 5 b 2 ; the en-1 2
.trance effect, 0�� �2.5, is ignored . The computed wave

numbers are in excellent agreement with the analytical pre-
dictions: the difference between the ‘‘numerical’’ and exact
values k is about 0.1%.0

With increasing Pe the patterns transform in a way that
follows the bifurcation diagram constructed in the previous
section. Period-two solutions were obtained in the range Pe0

Ž .� Pe,700 Figure 5c , while for all Pe�700, period-four

[ ( )]Figure 5. Bifurcation of spatial patterns column 1 in
the constant activity case, calculated with � T

( ) ( )s8.94 for row a Pes40� Pe s44.03, b0
( ) ( )Pes50, c 500, and d 1,000, and the corre-

[ ( )]sponding ‘‘spatial’’phase planes column 2 ,
)constructed from the data 2.5� � �10 .

Other parameters as in Figure 1.
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Figure 6. Spatiotemporal gray-scale patterns of x in the varying activity case.1
	 s 8.94, 	 s10, Pes 500, K s10 5, 0� � �10, 0 �
 � 500; other parameters as in Figure 1.T � �

Ž .solutions Figure 5d were established. Note that the station-
ary solutions become practically insensitive to Pe for large

Ž 3.Pe �10 and agree with the corresponding solutions of the
mixed system with fixed initial conditions.

Obviously, by adjusting the parameters we can find more
complex solutions of higher spatial periods. Yet, due to the
finite size of the system, the exact pattern classification for
high Pe is rather difficult. For this reason we cannot claim
that the patterns will converge into a fully chaotic solution.
These patterns can be called stationary spatially aperiodic pat-
terns, and demonstration of such patterns is the main goal of
the present investigation.

The ©arying catalytic acti©ity case
The system behavior for sets of parameters that corre-

spond to relatively small oscillations of the catalytic activity
with a s100 and moderate K s102 �104 is quite similar to� �

the constant activity case: stationary patterns emerge above
the critical PesPe , and with increasing Pe, they bifurcate0
following the period doubling sequence.

The effect of decreasing a or increasing K is to destabi-� �

lize the system by inducing a front motion, as in a typical
activator�inhibitor system: � is the slow variable and its re-
sponse is more sluggish as K increases. Beyond a certain�

threshold, the determination of which is beyond the scope of
this study, the system undergoes a transition to spatiotempo-
ral motion. Consider the case with a s10, for which the an-�

alytical investigation predicts the formation of stationary spa-
Žtially period-one patterns for all Pe� Pe for both 	 s8.940 T

.and 	 s9 . Numerical simulations reveal that these pat-T
terns are stable only for moderate Pe and K values. A typi-�

Žcal irregular pattern Figure 6, simulated with Pes500, 	T
5.s8.94, and K s10 shows two domains and a fuzzy�

boundary: a regime of stationary standing waves exists up-
stream, while a domain of moving waves exists downstream.

Ž .A section of a typical spatial profile Figure 7a shows that
the wave numbers and the amplitudes of oscillations in the

Ž . Ž .stationary � �2.5 and moving packages � �2.5 differ sig-
nificantly. The power spectrum constructed from the data in

Žthe ‘‘fully developed’’ moving packages for 5�� �10 Figure
. Ž7b allows us to distinguish several leading wave numbers k

.�45 .

The irregular structure of the moving waves is clearly seen
from the power spectrum of temporal signals at several fixed
points. At � s2.5, that is, around the boundary between the
stationary and moving waves, we cannot discern any leading

Ž .frequency Figure 8a . The solution becomes more regular,
Žbut still incorporates many frequencies with increasing � see

the temporal profiles and the corresponding power spectrum
.for � s5 and � s7.5; Figures 8b and 8c .

Similar results of the formation of stationary spatially mul-
tiperiodic and complicated spatiotemporal patterns were ob-

Ž .tained for 	 s9 Nekhamkina and Sheintuch, 2002 , but inT
comparison with the case 	 s8.94, the region where stableT
stationary spatially periodic patterns exist is shifted to a range
of lower Pe and K values. With increasing Pe or K , the� �

width of the stationary wave packet diminishes, while the
moving packet broadens.

Concluding Remarks
Large-amplitude stationary spatially multiperiodic patterns

have been simulated and analyzed in a cross-flow model with
two consecutive reactions. These patterns emerge due to the
interaction of reaction and convection of the state variables
in a system with stationary boundary conditions applied at
the inlet, in contrast to the Turing patterns that emerge due
to competition of an activator and a diffusing inhibitor in qui-
escent fluids. The linear stability analysis for this model was
performed using Pe as a bifurcation parameter, and an ana-
lytical expression for an amplification threshold was derived.

( ) ( )Figure 7. a Section of the x � profile at a certain1
( )time and b power spectrum constructed from

( )the data of the x � profile in the interval 5�1
� �10.
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Figure 8. Temporal profiles of the concentration x1
( ) (column 1 and their power spectrum column

) ( ) ( )2 at different cross sections: a � =2.5, b
( )� =5, and c � =7.5.

The following bifurcation analysis reveals a period doubling
scenario that results in the formation of stationary spatially
multiperiodic patterns, which in the limiting case Pe™� are
identical to the temporal dynamics of a homogeneous CSTR
with the same kinetics. Stationary patterns were simulated in
the expected range of parameters, and the sequence of bifur-
cations and the critical parameters completely agree with the
analytical predictions. With the oscillatory kinetics due to re-
versible catalytic activity, the stationary spatially chaotic pat-

Ž .terns can become spatially and temporally chaotic turbulent .
Note that the identification of the sustained patterns sig-

nificantly depends on the reactor length, L. Obviously, it is
impossible to observe spatially periodic patterns with a wave-
length that is comparable with L. In the present study we
observed up to period-four patterns for the regular kinetics
case, and we can predict formation of more complicated
structures with increasing L. On the other hand, the influ-
ence of the stationary boundary conditions applied at the in-
let cannot propagate for an infinitely long distance. Thus, the
behavior of a long system with complex patterns is still unde-
termined.
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